We study the origin of cores and density profiles of baryonic structures in cosmology. By treating the baryons as a viscous gas, we find that both spheres and disks are possible solutions. We find analytically that the density profiles have inner and outer solutions, which in general are different. For disks we identify a central core, with density profile ρ d = constant, and the outer profile ρ d ∼ r −3 . For spherical structures we find the profile ρ s ∼ r −6 . In the presence of a dominating central black hole we find the inner profile ρ ∼ r −3/2 . When a black hole dominates the mass then the preferred baryonic configuration is spherical and not disk-like. When the mass is dominated by a dark matter component then the baryonic density profile will depend on the dark matter profile, and we point out that one can use this connection to infer the DM profile directly by observing the baryonic density profile. For a spherical DM structure this relation is β baryon = 3/2 (2 + β DM ).
Introduction
Density profiles of dark matter (DM) halos may prove to become one of the most challenging issues for our understanding of cold dark matter structure formation. Simulations provide a robust prediction of steep central density cusps with power law slopes, ρ ∼ r β , with β from −1 to −1.5 within a few percent of the virial radius of the halo. This breaks to an outer slope of −3 (Navarro et al. 1996; Moore et al. 1998 Moore et al. , 1999 Jing 2000; Power et al. 2003) . Such steep central density cusps are seen in simulations with very different values of the cosmological parameters Ω matter and Ω Λ as well as modifications to the initial CDM power spectrum. By measuring the rotation curve of a galaxy one can in principle determine the density profile of its DM halo. Low surface brightness (LSB) galaxies and spirals, where the observed dynamics should be DM dominated, seem to show slowly rising rotation curves (Rubin et al. 1985; Courteau 1997; Palunas & Williams 2000; de Blok et al. , 2002 Salucci 2001; Swaters et al. 2002; Corbelli 2003) indicating that these DM halos have constant density cores. Such observations could be in agreement with N-body simulations if cusps could somehow be erased during galaxy formation. Galaxy clusters, where baryons can play even less of a role, may show a similar discrepancy. Arcs (Sand et al. 2002) and strong lensing fits of multiple image configurations and brightnesses (Tyson et al. 1998 ) also indicate shallow cores in clusters. If the case for shallow DM cores is strengthened on several scales (galaxies to clusters), one may have to consider very seriously alternatives to collisionless and/or cold forms of dark matter.
Since much of the present information on the central density profile rests on observations of baryonic structures within DM halos, one might ask what profiles are expected in purely baryonic structures, and which profiles lead to stable baryonic structures within dark matter halos. We address these questions by considering a fluid approach whereby we analyse asymptotic stable solutions of the Navier-Stokes equations. We show how one can infer the DM density profile purely by observing the baryonic density profile. We also consider the question of how a central massive black hole influences the solutions, and find in particular that a massive BH will be dressed by a spherical (as opposed to a disk) baryonic configuration.
Solving Navier-Stokes equations
The behaviour of any collisional gas or fluid is fully determined by the Navier-Stokes (N-S) equations, which are 3 hydrodynamical equations for the velocity vector, and a continuity equation. The complexity of these equations, however, often makes it practically impossible to find an analytical solution, and one must make various simplifying assumptions in order to find any solutions. We will in the following also make several assumptions, which certainly limits the applicability of our results, however, the solutions we find should be approximately valid for the description of general properties of structures such as baryonic galaxies and haloes. The main assumption is that there are sufficient collisions while the structure forms. Thus if a baryonic structure has formed and subsequently all the baryons condense into stars, then the star density profile should still approximately follow the density profile. We do not expect that our findings should apply to dark matter structures, since dark matter presumably do not have sufficient collisions to ensure the validity of the N-S equations. Baryons often have sufficient collisions to equilibrate, e.g. in typical cluster environment the timescale is about 10 7 yrs, whereas the dark matter scattering cross section is considerably smaller, and hence the equilibration time-scale very much longer.
In spherical coordinates the N-S equations describe the velocity vector (v r , v Θ , v φ ). Here r is the radial coordinate, Θ is the angle in the xyplane, and φ is the angle from the z-axis. The form of the equations is well known, see e.g. Landau & Lifshitz (1987) , and contains time-derivatives, pressure terms, viscosity terms and a gravitational term.
Our first 2 assumption are, that the gas has reached a stable configuration (no timederivative), and that it has picked out an orientation in space, in such a way that all the gas is moving only in the Θ-direction. Thus we have v r = 0 (no contraction or expansion), and v φ = 0 (only rotation around the z-axis). These assumptions may seem overly restrictive for the treatment of baryons, because it is well known that the velocity dispersions in both r and φ directions are large. Here one must keep in mind, that by considering the N-S equations we are taking a fluid approach, which implies that we are following a fluid element, and this basically corresponds to averaging over all the particles moving through the fluid element. One may think of the observed velocity dispersions as the small scale random motion (like a temperature), which is not needed in order to find the general large scale flow pattern. For the Θ-velocity we consider the general form
where α and χ are constants to be determined, v α and r α are unknown constants, with the physical interpretation that r α is a characteristic radius (more about this later), and v α is the velocity of the fluid element at that radius.
The Θ-equation
The v Θ -equation becomes very simple with the assumed form of the velocities
where ∇ 2 is the scalar Laplacian, and ν is the kinematic viscosity. For now all that matters is the existence of a non-zero viscosity, so the absolute magnitude (and even radial dependence) is not important for the results 1 . When we use the form for v Θ in eq. (1), then equation (2) has 4 solutions
The solution with χ = +1 is exactly what one should expect when one has spherical symmetry, and we will refer to these solutions as the 'spherical solutions'. The solutions with χ = −1 indicate unstable solutions everywhere except in the flat cylinder where sinφ = 1, and we will refer to these as 'disk solutions'. We thus see that both spherical and disk solutions exist, and that they have different rotational structure (different α). Now, looking at eq. (1), it is clear, that the solutions with negative α are divergent for r → 0, and we will therefore refer to those solutions as 'outer solutions', and similarly, the solutions with positive α are inconsistent for large radii, and we will refer to those as 'inner solutions'.
It is worth pointing out that whereas the appearance of spherical and disk solutions was somehow expected (from an observers point of view), then the fact that there are no other solutions (e.g. like χ = 2) is a non-trivial result.
Already from this one sees that a spherical solution, in eq. (3), must have different radial structure for the inner and outer solutions (because the only solutions are α = 1, −2), and hence one may expect to find different density profiles in the central and outer regions. We remind the reader that such phenomenon of simultaneous existence of two flow patterns is rather common in hydrodynamics, the simplest may be the hydraulic jump which is observed as a several centimetre large circular ring in any kitchen sink, when the flowing water goes from a 1/r profile to a constant, see e.g. Hansen et al. (1997) for a discussion of this effect and the role played by the viscosity.
The r-equation
From the Θ-equation, we identified the general flow pattern, and we noticed the possibility that one might have different density profiles in the inner and outer region due to different velocityflows. We will now use the v r -equation to try to extract the actual asymptotic density profiles. Also the r-equation is very simple
where ρ is the radially dependent density, P is the pressure, G is the gravitational constant, and M (r) is the mass within the radius r. We assume that the pressure and density are related through P = P α (ρ/ρ α ) γ , where P α and ρ α are the unknown pressure and density at r α . We assume the gas is monatomic with γ = 5/3. Let us consider densities of the form
such that the parameter β determines the density profile. It is worth emphasising that it is exactly this β which we are trying to find.
Let us study the radial dependence of the 3 terms in eq. (5). Using the radial dependence of v Θ in eq. (1) the first (kinetic) term of eq. (5) goes like v 2 θ /r ∼ r 2α−1 . The pressure gradient term goes like 1/ρ · ∂P/∂r ∼ r δβ−1 , where we have used δ = γ − 1 = 2/3. The last (gravitational) term including M (r), the mass within the radius r, depends on the given system we are considering. If the mass is dominated by a central black holes, then it goes like M (r)G/r 2 ∼ r −2 . If the mass is dominated by the matter density, then it goes like M (r) ∼ ρ(r)dV , with dV the volume element. For spherical solutions this gravitational term thus goes like r β+1 with β from eq. (6), and for disk solutions it goes like r β . Technically speaking the mass is logarithmic divergent for spherical structures with β = −3, however, the formula M ∼ r β+3 holds for any β arbitrarily close to −3, and furthermore in a real situation there would be an outer cut-off, so we will just ignore this technical problem. To be explicit, we are looking for solutions to an equation of the form
where κ = β + 1, β, −2 for spherical, disk and BH matter dominance respectively, and all the coefficients are ignored. When we below will use the word 'solve', then we are really just using the standard method of divergence cancellation, in the sense that the most divergent terms must cancel with each other. The optimal case is naturally that all divergences disappear, a case which we below will refer to as 'good'. From our simple dimensional analysis the transition radius, r α , which separates the inner from outer region, is not uniquely determined. We only find approximate disk relations like r α ∼ v 2 α /Gρ α . A full study including the coefficient is significantly more involved, and we will leave that for a later analysis 2 .
We want to solve eq. (5) for the profile parameter β, however, there are 4 situations to consider (the 4 different α from eqs. (3,4) ), and for each case we can choose which is the dominating mass contribution, either from a sphere, from a disk or from a black hole (BH).
2 We note that when the v 2 Θ term is negligible this eq. (5) is exactly the hydrostatic equilibrium, which is often written as M (r) ∼ rT γβ. Furthermore, in the same notation one finds that the velocity dispersion, σ 2 v , has a radial dependence, dlnσ 2 v /dlnr = δβ.
Disk
Let us first consider the α = 0 case. As we saw above this is a disk. α = 0 is the only case, which can be both an inner and outer solution. If we first consider the inner solution, then we find two solutions for the density profile, β = 0, −3. The β = 0 solution is more natural, because the first two divergent terms in eq. (5) (or similarly eq. (7)) can cancel, and the last term is non-divergent for r → 0, whereas for the β = −3 solution, the two most divergent terms cancel, but the remaining term is still slightly divergent towards the centre. With this kind of argument one can divide all the solutions into 'good', and 'not quite that good' solutions, and we will emphasise which are good solutions. If the mass is dominated by a BH, then the solution is β = −3/2. If the disk is dominated by spherical distribution (either from a large fraction of the baryons, or from an unknown dark matter component) with profile β s , then the solution is β = 3/2 (β s + 2). In conclusion we see, that the only good solution for the inner disk is β = 0.
In principle the α = 0 case can also be an outer solution. In that case the only solution is β = −1. If the mass is dominated by a BH, then β = 0 (good), and if dominated by a spherical distribution then β ≤ 0. The α = −1 (which is an outer disk solution) gives β = −3, which happens to be a good solution. If a BH dominates then β = −3/2, and if another spherical component dominates (with profile β s ) then β = 3/2 (β s + 2), where the case β = −3 is the only good solution.
To conclude the disk solutions, when the mass is dominated by the matter itself, then there is only 1 good configuration (we emphasise that by good we mean optimal removal of divergences), which has the inner slope of β = 0 and outer slope of β = −3. Following the similarity with the hydraulic jump in the kitchen sink, we will refer to such configuration as a galactic hydraulic drop. We summarize the good disk solutions in Figure 1 .
Sphere
For the sphere it turns out that basically all the solutions are good, in the sense that all the divergences cancel in a simple manner. We will therefore not discuss further which are good, and which are not quite that good.
The α = 1 is the inner spherical solution, and we find β = 3, −6. The β = 3 is obviously strange, and probably non-physical (a positive β would lead to a wrong sign in front of the pressure gradient term). With BH dominance one has β = −3/2, and if dominated by a disk (which could either be from a fraction of the same gas, or from another particle type) with profile β d one finds β = 3/2 (β d + 1). If dominated by another spherical distribution (which probably should arise from another particle type) with profileβ s , then we find β = 3/2 (β s + 2).
The outer spherical solution, α = −2 gives β = −6. If a BH dominates then β = −3/2, and again if a disk (or sphere) dominates then β = 3/2 (β d + 1) (or 3/2 (β s + 2)).
One should keep in mind that the transition from inner to outer solution may be rather nontrivial. Whereas a BH may dominate the central region (β = −3/2) then the sphere may be self dominating in the outer region (β = −6). Naturally there are also possibilities including both a BH, disk and sphere, but we will not discuss such complications further here.
Specifically we note that if the mass is disk dominated with disk-profile β d = −3, then the sphere happens to also get the profile β s = −3. Thus one can envisage a significant fraction of the matter collapsing to a disk, which very well could take the profile β d = −3 (as shown in section 2.3), and this would force the remaining matter, which is in a spherical configuration, to take the density profile β s = −3. We also point out that if the mass is dominated by a dark matter sphere, then the baryon profile becomes β = −3/2 for a dark matter profileβ s = −3 as suggested by dark matter N-body simulations. If instead the dominating DM profile isβ s > −2, this would seemingly imply a positive baryonic slope, which is not clear to us how one should interpret. We summarize the good spherical solutions in Figure 2 .
Discussion
An interesting possibility now appears, namely that one can use our result to infer the dark matter profiles from observations of the baryonic profile. Lets say we have observed a baryonic sphere with profile β baryon , and we know that the mass is dark matter dominated. Under the assumption that the DM is spherical (as suggested by N-body simulations) we have β baryon = 3/2 (β DM + 2). Thus, if we observe e.g. β baryon = −1.5, then we know, that the DM has profileβ DM = −3. Determining the baryonic density profile directly, i.e. independent of dynamics, can be accomplished in several ways:
1) X-rays: observations of the luminosity, L x , in various bands and in different radial bins gives the electron density of the plasma as a function of radius. Here the main concern is the validity of hydrostatic equilibrium and disentangling any cooling flow in the centre of the cluster. However, relaxed clusters with no evidence of cooling flows do exist, for example A2029 (see Figure 1 of (Lewis et al. 2003) ). The gas in this cluster shows an inner profile β baryon = −0.55 and an outer β baryon = −1.62 (note our differing definition of β here). The outer value is certainly DM dominated and our analysis implies thatβ DM is very close to −3, which is expected from CDM simulations (Navarro et al. 1996; Moore et al. 1999) .
2) The Sunyaev-Zeldovich effect is in principle a direct measure of the plasma column density. The angular resolution required for our analysis currently limits the use of this technique, however, future multi-frequency observations will determine independently both the temperature and number density profile of distant clusters purely through the S-Z effect (Hansen et al. 2002) . The SZ-effect can thus be used to measure the electron density profile to large radii (SZ effect is proportional to n e , whereas X-ray is proportional to n 2 e ) and at large redshift (SZ is redshift independent).
3) Surface brightness: both from stellar light and radio observations of HI and molecular gas, one can in principle determine the baryon profile. An example of such an accounting of baryons has been produced for M33 by Corbelli (2003) . It is not clear whether our simplified disk structure is adequate to draw conclusions from the existing data.
The distribution near black holes has been considered earlier. First by Peebles (1972) where energy consideration lead to the distribution ρ ∼ r −9/4 , which was later refined in (Bahcall & Wolf 1976 ) who found ρ ∼ r −7/4 . Later numerical simulations have shown (first by (Young 1980) ) that the profile near the black hole should be ρ ∼ r −3/2 , which is just what we find both for spherical and disk baryonic structures. For accreting black holes this profile may be different (see e.g. (Freitag & Benz 2002 ) for a recent discussion).
There are several obvious extensions of the methods described here. One could in particular allow for a general Θ-dependence in v Θ , a non-zero radial velocity, or an exponential radial dependence of velocities and density profile. Tentatively we also allow a Θ dependence in v Θ as v Θ ∼ (sinnΘ) σ , where n corresponds to the number of spiral arms, and we find the solutions σ = 0, 1, and all values of n are allowed. We also allow for a non-zero radial velocity, taken of the form v r ∼ r τ , and for α = −1 we find the solutions τ = 1, −2.
Conclusion
We make an attempt to derive analytically the asymptotic density profiles of baryonic structure in cosmology, which include galaxies, haloes and clusters. We find that both disks and spherical solutions exist, and that generally the inner and outer density profile may be different. For the disks we identify central cores with β d = 0 from ρ ∼ r β . For the outer region we find β d = −3. For spherical structures we identify both inner and outer profiles, which include β s = −6, −3, −3/2. The results are summarized in Figures 1,2 .
Our resulting profiles only apply to baryonic structures, but we point out a simple method whereby observations of the baryonic structure allows one to deduce the dark matter density profile.
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